We compute the electric conductivity of quark matter at finite temperature T and quark chemical potential µ under a magnetic field B beyond the Lowest Landau level approximation. The electric conductivity transverse to B is dominated by the Hall conductivity σ H . For the longitudinal conductivity σ ∥ , we need to solve kinetic equations. Then, we numerically find that σ ∥ has only mild dependence on µ and the quark mass mq. Moreover, σ ∥ first decreases and then linearly increases as a function of B, leading to an intermediate B region which looks consistent with the experimental signature for the chiral magnetic effect. We also point out that σ ∥ at nonzero B remains within the range of the lattice-QCD estimate at B = 0. Introduction: Extreme matter of quarks and gluons in quantum chromodynamics (QCD) could realize as a quark-gluon plasma at high energy in nucleus-nucleus collisions and as quark matter at high baryon density in the neutron star cores. Nowadays, the nucleus-nucleus collision experiment is aiming to explore the QCD phase diagram at finite temperature T and quark chemical potential µ, which is called the beam energy scan program. Interestingly, such hot and dense QCD matter may be exposed under a strong magnetic field B if the nucleusnucleus collision is noncentral. The presence of strong B provides us with an ideal probe to topological contents of the QCD vacuum, as exemplified by the chiral magnetic effect (CME) [1] for instance.
Introduction: Extreme matter of quarks and gluons in quantum chromodynamics (QCD) could realize as a quark-gluon plasma at high energy in nucleus-nucleus collisions and as quark matter at high baryon density in the neutron star cores. Nowadays, the nucleus-nucleus collision experiment is aiming to explore the QCD phase diagram at finite temperature T and quark chemical potential µ, which is called the beam energy scan program. Interestingly, such hot and dense QCD matter may be exposed under a strong magnetic field B if the nucleusnucleus collision is noncentral. The presence of strong B provides us with an ideal probe to topological contents of the QCD vacuum, as exemplified by the chiral magnetic effect (CME) [1] for instance.
To quantify topological effects induced by B, we need to estimate transport coefficients, among which one of most important is the electric conductivity σ. Indeed, the CME signature in condensed-matter system of Weyl semimetals is the negative magnetoregistance, that is, quadratic rise of σ CME (B) ∝ B 2 [2] , which has been first detected experimentally in Ref. [3] under an assumption that nontopological σ is insensitive to B. In contrast to condensed-matter system, for hot and dense quark matter, we can make a first-principles estimate for σ(B) from QCD directly. On top of that σ(B) is an essential parameter for the CME detectability in the nucleus-nucleus collision, σ(B) controls the life time of B [4, 5] .
So far, σ(B) has been perturbatively calculated in QCD under a hierarchy of relevant scales, √ eB ≫ T ≫ gT , where e represents the charge of the proton and g the QCD charge, using the lowest Landau level approximation (LLLA) [6, 7] . Usually, the LLLA is a reasonable approximation for strong B and has been adopted for various QCD observables such as the heavy quark diffusion constant [8] , the bulk viscosity [9] , etc. The validity of the LLLA is questionable, however, for σ(B) involving (u and d) quarks with small mass m q , i.e., σ → ∞ as m q → 0 since the scattering phase space is too severely restricted by the approximation.
In the present work we significantly revise the calculation of σ(B) in a different (more realistic) regime, √ eB ≫ gT , which is required to justify our neglecting scattering processes for T -induced quark damping (∼ g 2 T ), namely, ∆ε ≃ eB T ≫ g 2 T where ∆ε is an energy gap associated with adjacent Landau levels. Then, we will find that our σ with full Landau level resummation shows much milder m q dependence than the LLLA result. We will also see that the B dependence is minor. Thus, comparing our finite-B σ to the lattice-QCD measured value at B = 0 [10] [11] [12] would make sense as a consistency check.
Some definitions: The electric conductivity is given by the following Kubo formula:
where Π µν R (k) and Π µν A (k) are the retarded and the advanced polarization functions, respectively, defined by
where "+" is for R and "−" is for A. We note that, when we work at finite density, j i in the above formula is not necessarily the electric current, j i em = ∑ f q fψf γ i ψ f where f refers to flavor and q f is the electric charge of f -quark, i.e., q u = (2 3)e and q d = −(1 3)e. The hydrodynamic mode subtraction is needed as
with the electric charge density n e , the energy momentum tensor T µν , the energy density E = ⟨T 00 ⟩, and the pressure P i = ⟨T ii ⟩ [13] . For perturbative calculations of Π ij R A (k) the free quark propagator at finite B is the essential building block. The retarded propagator in flavor f sector is given by a sum over the Landau levels labeled by n as
where the (flavored) Landau quantized energy dispersion is ε f n = p 2 z + 2 q f B n + m 2 f and we defined m
Here, we chose the B direction along the z axis without loss of generality. The numerator S f n (p) has Dirac index structures decomposed as
n (x) represent the generalized Laguerre Polynomials [14] . In the above expression P f ± represents the projection operator, P
We adopt the real-time Schwinger-Keldysh formalism in the R A basis in which the standard propagators on the Schwinger-Keldysh paths (1,2) are transformed through the following relations:
where n F is the Fermi-Dirac distribution function.
Electric conductivity: We are now ready for proceeding to the conductivity calculation. We decompose the anisotropic tensor structure of the electric conductivity usingB i ∶= B i B as
where σ H represents the Hall conductivity for an electric current perpendicular to both electric and magnetic fields. In the R A basis, the polarization tensor at the one-loop order reads
apart from the hydrodynamic mode subtraction, which will be taken into account later. We can straightforwardly perform the integration (6) to get
= + · · · · · · which is nothing but the formula for the Hall conductivity. Up to the one-loop order σ ⊥ = 0 which is intuitively understood from the Landau quantization of transverse motion. A nonzero value of σ ⊥ appears from the twoloop and higher order contributions. Here, we just give a parametric estimate, that is,
which is small in our condition of eB ≫ gT . This parametric form is derived from one self-energy insertion to the fermion propagators. The leading behavior of the self-energy is ∼ g 2 T , while the propagator is of order 1 ∆ε ∼ T eB . Thus, the combination of these factors leads to
Kinetic equations: Next, we calculate the longitudinal conductivity which is of our main interest. To this end we must deal with the resummation over pinching singularities (see Ref. [15] for example). An efficient approach to resum higher order diagrams is solving the Bethe-Salpeter equations, as illustrated in Fig. 1 , which amounts to the common formalism used in Ref. [16] .
The Bethe-Salpeter equations can be translated to the linearized kinetic or Boltzmann equations, that is,
for quarks, anti-quarks, and gluons, respectively, where
, with the wave functions u(p) and v(p ′ ) for particle and anti-particle, respectively, and the subscript p, p ′ , and k represent not only the momenta but also the Landau level n, the angular momentum l, the spin s, the color c, and the flavor f collectively.
To solve the Boltzmann equation perturbatively, we expand the distribution functions in terms of small deviations, δf p , δf p , and δg k , around the thermal equilibrium, f eq (p) = n F (ε f n − µ),f eq (p) = n F (ε f n + µ), and g eq (k) = n B (ω k ) where n B is the Bose-Einstein distribution function and ω k = k is the energy of massless gluons. It would be more convenient to introduce χ p ,χ p ′ ,
Suppose that we solved χ p ,χ p ′ , andχ k from the kinetic equations (9), we can express the electric current as j z = σ ∥ E z = ⨋ p 2P 3 p q f (δf p − δf p ), from which we can read σ ∥ , where ⨋ denotes the phase space sum of all quantum numbers and the invariant integration of momentum. In this way we come by the following formula,
α n dp z 2π
Here, we introduced the spin degeneracy factor α n by α 0 = 1 and α n>0 = 2. Now, let us return to our problem of solving Eq. (9). In the left-hand side, ∂ 0 on f eq picks up a term ∝ ∂ 0 u z where u z is the z component of fluid velocity which can be eliminated by the leading order hydrodynamic equation, ∂ 0 u z = n e E z (E + P z ). Then, the left-hand side of the first equation for quarks simplifies as
Here, we defined 
Using the following multi-component symbols,
we can summarize three kinetic equations as
where the left-hand side will be denoted by S in what follows, and the right-hand side represents the collision terms; L is a linear operator defined by
We should then solve χ = L −1 S using our symbolic notation. We note that L contains five zero eigenvalues (for a single flavor and more for multi flavors) with the eigenvectors, C a = {J 0 , T 0µ }, corresponding to the charge and the energy-momentum conservations. For two flavors C a also contains the quark number conservation. To formulate the projection procedure, let us introduce an inner product for two functions, A = (a p ,ā p ′ ,ã k ) and
It is then easy to rewrite Eq. (10) as σ ∥ = β(J z , χ) using Eq. (12) . Now, with the zero eigenvectors C and the inner product, we define a projection operator onto functional space excluding zero eigenvalues as
where (C, C)
ab is the inverse matrix of (C a , C b ). We see Q 2 = Q and QC a = 0 by construction. Using alternative expressions for the charge density and the enthalpy, i.e., n e = β(T 0z , J z ) and
, we can write S = QJ z . Noting L = LQ, we find the formal solution of Lχ = S as χ = QL −1 QS, where QL −1 Q satisfies a relation LQL −1 Q = Q. We eventually obtain
This means, the zero modes of L are already projected out once applied on S.
Collision terms:
The collision term is the most complicated part of our calculations. For √ eB ≫ gT , the 1 ↔ 2 process of typical scale ∼ g 2 eB T 2 is dominant as compared to the 2 ↔ 2 process of typical scale ∼ g 4 . For the 1 ↔ 2 process there are three distinct contributions,
where the subscripts represent processes illustrated in Fig. 2 . We can also consider similar decompositions for C for anti-quarks andC for gluons. The collision terms take a standard expression in terms of distribution functions and the scattering amplitude. After tedious calculations we find that the scattering amplitudes of the synchrotron radiation and the pair annihilation processes,
, can be squared with the summation over the quantum numbers and the phase space, leading to
Using Eq. (4) and properties of the Laguerre polynomials we find
Recovery of the lowest Landau level approximation: It would be an instructive check to see that the LLLA result is correctly recovered in the limit of eB ≫ T 2 (at µ = 0). Since the synchrotron radiation changes the Landau level, we can safely discard it. For the pair annihilation process, X(n = 0, n ′ = 0, ξ) given in Eq. (23) simplifies as X(0, 0, ξ For the numerical calculation we truncate the Landau level at n max . In the eB = 10m 2 π case, the convergence of the Landau level sum is very fast and n max = 1 already gives a good approximation, even though the LLLA badly breaks down in the small m q region. It is interesting that our result is quantitatively consistent with the lattice-QCD estimate, 0.3 ≤ σ T ≤ 1.0 (for the quark charge squared sum C em = 1) [11] , which is indicated by the shaded region in Fig. 3 .
The B dependence of σ ∥ T has a nonmonotonic structure as shown in Fig. 4 , for which we adopted a physical parameter set with u and d quarks. For small n max or strong B, the LLL contribution is dominant, and then σ ∥ is linearly proportional to B (reflecting the fact that the charge carrier increases), which explains the growing behavior at large B in Fig. 4 . When B is not such large, contributions from higher Landau levels lead to a larger interaction cross section due to the phase space factor, which pushes σ ∥ down with larger B. As a result of the interplay of these competing effects, in an intermediate region of B, the increasing behavior of σ ∥ looks quadratic; moreover, this nonmonotonic behavior is consistent with what is seen in the CME experiment in Ref. [3] . Although quantitative details may depend on underlying theory, qualitative features should be the same for general physical systems (but could be different with different approximations, say, the relaxation time approximation for the collision term [2] may lead to a different B dependence).
Finally, we discuss the µ dependence as shown in Fig. 5 . It is surprising at a first glance that σ ∥ is rather insensitive to µ. This can be qualitatively understood from the fact that the carrier density is different from the net particle number but is related to the sum of particle and anti-particle numbers. This latter quantity is not much changed by µ which causes imbalance between particles and anti-particles. In the future our estimated B dependence of σ ∥ could be tested by the lattice-QCD simulation at finite B, while our calculation at finite µ would be a unique prediction. The full details of the analytical derivations and the numerical procedures will be provided in the follow-up paper. The authors thank Koichi Hattori, Daisuke Satow, and Misha Stephanov for useful comments and discussions. This work was supported by Japan Society for the Promotion of Science (JSPS) KAKENHI Grant No. 15H03652, 15K13479, and 16K17716.
